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A Hodge Theorem for Noncompact Manifolds
Theorem If M is a riemannian manifold, then the inclusion of the complex of
coclosed harmonic forms into the de Rham complex induces a linear isomorphism
in cohomology. If M has at most countably many connected components, this
linear isomorphism is a Fre´chet isomorphism.
[Manifolds are assumed to be C∞ and Hausdorff.]
Theorem 5 in Section I.9.10 of Bourbaki [2] implying that M is paracompact, we
can assume that it is connected, and also that it is non-compact (the result being
classical in the compact case). Then the claim follows easily (using the Open
Mapping Theorem and the fact that the de Rham cohomology is a Fre´chet space)
from the surjectivity of the laplacian on the de Rham complex. Let us check this
surjectivity. In [4, p. 158] de Rham proves (using results of Aronszajn, Krzywicki
and Szarski [1]) that a harmonic form which has a zero of infinite order vanishes
identically; this implies in particular that the laplacian satisfies Property (A) in
Definition 5 of Malgrange [3, p. 333]; it is well known that the laplacian satisfies
also Condition (P) — called ellipticity nowadays — in Definition 6 of [3, p. 338];
in view of Theorem 5 in [3, p. 341] this implies the desired surjectivity.
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